Critical temperatures, T c , densities, r c , and coexistence curves for 2:1 and 3:1 hard-core model electrolytes have been found by fine-discretization Monte Carlo simulation. The size ratio of 1 and 2 ions strongly affects T c and r c ; the trends contradict most current theories. Large multivalent ions screened by small monovalent counterions exhibit normal gas-liquid transitions of direct relevance to phase separation in charge-stabilized colloids. Conversely, extrapolation suggests the absence of such transitions for sufficiently small multivalent ions with large monovalent counterions. DOI: 10.1103/PhysRevLett.88.045701 PACS numbers: 64.70.Fx, 02.70.Rr, 05.70.Jk Hard-sphere ionic systems, first analyzed systematically by Debye and Hückel (DH) nearly 80 years ago, represent basic models for the study of matter that still pose significant challenges. For the simplest possible version, namely, the "restricted primitive model" (RPM), consisting of equisized hard spheres carrying charges 6q, simulations have only recently provided reasonably accurate values for the critical parameters and coexistence curve [1] [2] [3] . A conceptually simple theory, based on the DH approach supplemented by Bjerrum ion pairs solvated by the residual "free" ions, turns out to provide a good semiquantitative physical account of the RPM transition [4] . More recently, the effects of size asymmetry, i.e., unequal diameters, have also been studied by simulation for 1:1 electrolytes [5, 6] . A striking result is that both the (appropriately normalized) critical temperature, T c , and critical density, r c , decrease with increasing size asymmetry, in sharp contrast to the predictions of previous theories [7, 8] . Nevertheless, an appropriate extension of the DH approach, [9] does reproduce the observed initial trends in T c and r c .
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Although of clear chemical and biophysical interest, multivalent, i.e., z:1 ͑z fi 1͒ electrolyte models have been much less studied, primarily because of the difficulties they present for both theory and simulation. We consider here a system of N ͑z 1 1͒N 0 hard spheres, N 0 N 1 of which are of diameter s 1 and carry positive charge 1zq, while zN 0 N 2 are of diameter s 2 and carry negative charge 2q. The interaction energy between two nonoverlapping ions, i and j separated by distance r ij is U ij q i q j ͞Dr ij , where D is the dielectric constant of the solvent. The unlike-ion collision diameter is s 6 1 2 ͑s 1 1 s 2 ͒. The size asymmetry of the ions is conveniently described [9] by d ͑s 1 ͞s 6 ͒ 2 1 1 2 ͑s 2 ͞s 6 ͒ ͑1 2 l͒͑͞1 1 l͒ , 
Our simulations were performed using the finediscretization methodology [10, 11] . In the present study, we used a discretization parameter z s 6 ͞l 10, where l is the simple-cubic lattice spacing. For this relatively high value of z , it was found in [5] that the critical parameters of the RPM are well reproduced. There was also agreement between the fine-lattice results of [5] and the continuum calculations of [6] for critical parameters of size-asymmetric 1:1 electrolytes. The main advantage of using the finely discretized lattice approach for systems with Coulombic interactions is that they can be calculated once at the beginning of the simulation. This initial Ewald sum was performed with conducting boundary conditions, 518 Fourier-space wavevectors and real-space damping parameter k 5. The speedup relative to the continuum calculations is by a factor of 100 [10] .
We used grand canonical Monte Carlo simulations with multihistogram reweighting [12] , following [5] . Insertions and removals were attempted for neutral clusters of z 1 1 ions. To enhance efficiency, we used a distance-biasing algorithm [13] entailing the Boltzmann factor of the interaction energy of the cluster. The distance-biased simulations were validated against unbiased calculations at high temperatures for which ion association is weaker.
Critical points were estimated using mixed-field finite-size scaling methods [14] , under the assumption of 045701-1 0031-9007͞02͞ 88(4)͞045701 (4) Ising-type criticality. To discern a systematic dependence of critical parameters on valence and size asymmetry, this approach should be satisfactory even though recent results [15] (which indicate that the pressure should also enter the field mixing) cast doubts on its full reliability. The character of criticality in ionic and long-range systems remains a topic of active research [16, 17] . Our results for the critical parameters, T Table I . The reported parameters are for systems of box length L ‫ء‬ L͞s 6 15. In our previous work [5] , the size dependence of the critical parameters for the RPM was found to be weak for box sizes L ‫ء‬ $ 12 when conducting boundary conditions were employed. This was confirmed for the multivalent electrolytes with a few test calculations for larger systems; but since our primary goal here is to investigate the dependence of critical parameters on valence and size asymmetry, finite-size effects are of secondary importance.
Figures 1 and 2 portray our results for T ‫ء‬ c ͑d; z͒ and r ‫ء‬ c ͑d; z͒, together with our earlier estimates for 1:1 systems [5] . Consider, first, the dependence on the valence z in the size-symmetric or d 0 models. For this special case, Camp and Patey [18] have recently estimated T c (but not r c ) for the 2:1 and 4:1 models by simulation, although with a precision of only 10% and 20%, respectively. The former estimate is consistent with our (better than 60.8%) value; the latter falls nicely in sequence; see Fig. 1 . We are also aware of an unpublished independent study by Yan and de Pablo [19] for size-asymmetric 2:1 electrolytes that is broadly consistent with the results of the present work. Theoretically, both the original DH theory (see [4] ) and the MSA [7] predict no dependence on z in the equisize ͑d , implied by our data. The underlying physical mechanism is undoubtedly related to the optimal packing of smaller counterions around the large multivalent ions ͑d . 0͒. On the simplest picture the maximal critical density would then be expected when a compact neutral cluster of one cation and z anions has minimal volume~͑s 2 ͒-which may serve to allow for intercluster interactions -yields d max ͑z͒ ͑z 2 1͒͑͞z 1 1͒, which represents our data fairly well. As is clear from the figures, the MSA fails badly to represent the variation with d and z.
In Fig. 3 we present the critical points and phasecoexistence envelopes for z:1 systems of size asymmetries corresponding to the ͑T c , r c ͒ maxima. It is remarkable that the liquid sides of these coexistence curves practically coincide independently of the valence. This seems again to reflect some optimal packing condition. By contrast, vapor densities are far lower for higher valence, presumably representing a preponderance of neutral clusters of ͑z 1 1͒ ions.
For systems with d , 0, the strong repulsions between large, like anions predominantly yield weakly interacting open clusters near criticality. For 1:1 electrolytes these clusters tend to approximate linear chains [5] , while for z . 1 a branched topology is favored as seen in the typical configuration for the 3:1 system with d 20. cations with finite-size monovalent anions may not have a vapor-liquid transition when z exceeds some z c * 3.
On the other hand, when d ! 1 the critical parameters seem to approach well-defined limits for all z $ 1. For z 2 or 3 our data indicate T ‫ء‬ c Ӎ 0.037. This is near the estimate of [23] T ‫ء‬ c Ӎ 0.038 for a 10:1 macroion/point counterion ͑d 1͒ system. The critical density at this limit increases with z, also consistent with [23] . The existence of a critical point for d ! 1 is significant for the question of phase separation in charge-stabilized colloids. Linse [24] has also studied a range of charge asymmetries ͑10 # z # 80͒ and concluded that the critical temperature decreases with z. Clearly, further work is needed to reliably quantify this transition.
To exhibit explicitly the effective attractions between like pairs of ions [25] in the critical region, we present, in Fig. 5 , the radial distribution functions, g͑r ‫ء‬ ͒, for reduced separations r ‫ء‬ r͞s 6 becomes very large close to contact, r ‫ء‬ * 1, with a smaller, second peak around r ‫ء‬ Ӎ 2.4. However, there is also a large and broad anion-anion peak in g͑r ‫ء‬ ͒ (solid line) spanning the range r ‫ء‬ Ӎ 1.2 2.0 with a broad secondary peak centered at r ‫ء‬ Ӎ 3.0 and a sharp cation-cation peak in g͑r ‫ء‬ ͒ at r ‫ء‬ Ӎ 2.0. At this density the correlations then decay monotonically and fairly rapidly; but on the high density, fluid side oscillatory behavior sets in quite soon. An interesting quantity to compute in future studies would be the anion-averaged cation-cation pair potential that gives rise to the observed correlation functions. Such a potential is likely to include regions of strong attraction between like-charge multivalent ions.
In conclusion, we have obtained by simulation precise estimates of critical parameters and coexistence curves for size-asymmetric 2:1 and 3:1 hard-core primitive model electrolytes (significantly extending previous studies of size-asymmetry for 1:1 systems [5, 6] ). Except for recent Debye-Hückel based treatments [9, 22] , the observed trends of T c and r c with valence and size disparity contradict most available theories. Extrapolation raises the possibility that sufficiently small multivalent ͑z . z c * 3͒ ions with large counterions ͑s 2 ͞s 1 * 10͒ may exhibit no vapor-liquid phase transitions. By contrast, criticality in the point-charge limit of small counterions screening large multivalent ions seems well defined implying that phase separation "caused" by effective like-ion attractions in charge-stabilized colloidal systems should be a generic feature (although detectable, in reality, only at sufficiently low temperatures or for counterions of sufficiently large valence [25] ).
